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GENERALIZING NEURAL PDE SOLVER

Partial Differential Equations (PDEs) of the form
Ou = F(t,X, u, g, OxxU, ...) (1)

are abundant, yet numerical PDE solving is a splitter field:
m User requirements, structural requirements, implementation
requirements

Goal is to design a fully numerical PDE solver which offers
flexibility to satisfy as many requirements as possible.

Common way to solve PDEs is to approximate spatial derivatives
and solve for temporal derivatives.




REPRESENTATIONAL CONTAINMENT OF SPATIAL SOLVERS

Message passing neural network to update u(x, t) — u’(x,t'):
m uf is a node in the graph with coordinates x;.
| Messageedge}'*}i : m,’]" =0 (f’m,fjm, uf = U},X,' — X, OPDE) -
m Generalizes estimation of spatial derivatives.
m Finite difference, finite volume and WENO scheme are
representationally contained (if one, two, or three message
passing layers are used).

Encoder Processor Decoder
Node-wise mapping Message passing Node-wise shallow
to the hidden space 1D convolution
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REPRESENTATIONAL CONTAINMENT OF TEMPORAL SOLVERS

Decoder is a shallow 1D convolutional network with shared
weights across spatial locations.

m Smoothes signal over time.
m Reminiscent of linear multistep methods (temporal update).

Decoder
Node-wise shallow
1D convolution
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CHALLENGES FOR AUTOREGRESSIVE SOLVERS

Solving PDEs iteratively gives strong physical interpretability,
however:

m Hard to train since errors at test time accumulate.

m How to enforce stability? How to simulate error input
distribution in training?

Initial AR
conditions time solver
3 Neural i
a operator : :
Neural operator Autoregressive model
Mapping from initial Mapping between temporally
conditions to output consecutive time steps




TEMPORAL BUNDLING AND PUSHFORWARD TRICK

m Pushforward trick: mimics distribution shift via adversarial

perturbation.

m Temporal bundling: synchronous prediction of multiple

future timesteps.

One-step training Unrolled training
Gradients flow back one Gradients flow back
time step only through all time steps

Pushforward training
Gradients flow only
through last time step



GENERALIZATION ACROSS DIFFERENT EQUATIONS, DIF-

FERENT RESOLUTIONS

Exemplary 1D rollout of an unseen equation (a =0.05, 8 =0.14, y = 0.55)
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GENERALIZATION ACROSS BOUNDARY CONDITIONS, IR-
REGULAR GRIDS, APPLICABILITY TO HIGHER DIMEN-

SIONAL PROBLEMS

2D rollout of the wave equation with Dirichlet boundary conditions
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