Clifford Neural Layers for PDE Modeling
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Clifford convolution

« \WWe model Partial Differential Equations (PDESs) of the form = Clifford CNN layers convolve multivector feature maps f : Z* — (G?#)“r

oru = F(t,x,u, 0xu, OgeU, ...) . with a set of cout multivector filters {w'}:°% : Z* — (G*#)¢n:

= Microsoft

PDEs - the language of science / simulation

= \WWe |ook at Navier-Stokes and shallow water equations which are coupled
(non-linear) 2-dimensional PDEs (scalar + vector field):
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Clifford algebras have multivector structure

» The elements of a Clifford algebra are called multivectors, containing
elements of subspaces, i.e. scalars, vectors, bivectors, trivectors etc.
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= A real Clifford algebra C1, ,(R) with signature (p, q) is generated through
relations that define how the bilinear product of the algebra operates on the

basis elements of R":

e?:+1 for 1 <1< p,
e?:—l for p<j7<p+gq,
€i€; — —€4€ for Z#]

= Oy, with base vectors (1, e;) is isomorph to the complex numbers with

e; =1, Clyo With base vectors (1, ey, es, e1e9) is isomorph to the quaternions
WiIth €1 = 7, €o = j, €169 = k.

 The vector space GP1 of a Clifford algebra C,, can be written as the direct
sum of all of these subspaces:

Gr =M@ M&...0 M, .

Dual representation, geometric product

» The dual a* of a multivector a is defined as:
a’ = iy,
where i, represents the respective pseudoscalar (highest grade object) of

the Clifford algebra.

= Geometric product, example 2D: The 4-dimensional vector spaces of 2D
Clifford algebras have the basis vectors {1, ey, es, e1e5} where e, e square to
+1 for Clyo(R) and to —1 for Cly»(R). For Cly o(R), the bilinear geometric
product of two multivectors a = ag + aie1 + azes + ajpeies and
b = by + bie; + boes + bypejes IS gliven by:
ab — (CLObO -+ a1b1 - (1262 — a12b12)1 -+ (a0191 -+ a1b0 — a2b12 4 algbg)el
+ (CLQbQ + a1byp + asby — algbl)ez -+ (a0b12 + a1by — asby + algbo)elez .

. Rotational Clifford CNN layers (2D): Filters {w'? 5 : 72 — (G?)" act on
the feature map fJ through a rotational (quatermon) transformation

R" (w mto,wﬁgu,wﬁgw,wﬁgt 1») of vector and bivector parts f : Z* — (G*)n,
and an additional scalar response of the multivector filters:
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Clifford Fourier transform

= Using the duality relation a* = ai,.,, the 2-dimensional dual pairs of the

base vectors are 1 <> ejes and ey < eo:
a = ag+ aje; + ases + aperes = 1 (ao + algig) +e1 (a1 + agig) .
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= This duality allows us to define 2D Clifford Fourier transform layers:
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« Point-wise geometric product in the Clifford Fourier space.
= 3-dimensional Clifford Fourier transforms follow a similar elegant

construction, where we apply four separate Fourier transforms to

fo(x) = fo(x) + fias(x)is filz) = fi(z) + fos(2)is
fz(l‘) — fz(f) T f31(37)i3 f3($) - fB(SL‘) T f12($)733

= We look at the 3-dimensional Maxwell’'s equations, which couple electric

(F£)) and magnetic (B) field in an intriguing wav:
F=F+ Bis.

D 5"3 plane  Dy: yz- PlE“E [:I-:: yz-plane Dx: yz-plane  Dy: yz-plane  Dz: yz-plane Dx yz- plane [:l-yr yz-plane [:l-z yz- plane

\‘F \ -‘.\‘ \ 0.02 -y A . F‘ e loos rl ‘. i | o " it oo
1‘. I . 0.00 4 . " ‘ o000 " ,* * v 0.000
.I'_ -" - o 002 | o - . ~0.025 L N N 1 b 4 o f002

Hx: yz-plane  Hy: yz-plane  Hz: yz-plane Hx: yr;_ plane Hy: yz plane  Hz: yz-plane
- ;

- il - 3y -

P e ¥ "‘f . 0.05 ' ull'.‘I 0.05 ' l‘- - i 0 ;I S & 0.05

E S o \* B % |Fooo A ' 0.00 ' ‘\h r 0.00

=" " .‘, —0.05 : ‘l" . ’ A , —0.05 > - S ’ M " —0.05
sl s " " s i A = . l.. ' o -

= \We test for different equations, for different architectures, and for different

number of training trajectories:
= Convolution vs. (rotational) Clifford convolution, i.e., ResNet vs. CResNet.
= Fourier Neural Operators (FNO) vs. Clifford Fourier Neural Operators (CFNO).

= \We introduce Clifford normalization and initialization schemes.
» \We measure MSE for next step and 5-step rollout predictions.
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= For similar parameter count, Clifford layers consistently improve

cgeneralization capabilities of the tested neural PDE surrogates:
= Strongest improvement for 3D Maxwell's equations.
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